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Abstract 

It is well known that the von Neumann entropy is continuous on a 
subset of quantum states with bounded energy provided the Hamilto- 
nian H of the system satisfies the condition Trexp(— cH) < +00 for 
any c > 0. In this note we consider the following conjecture: every 
closed convex subset of quantum states, on which the von Neumann 
entropy is continuous, consists of states with bounded energy with 
respect to a particular Hamiltonian H satisfying the above condition. 

It is shown that the classical analog of this conjecture is valid (i.e. it 
is valid for the Shannon entropy). It is also shown that this conjecture 
holds for some types of subsets consisting of non-commuting states, 
but its validity for all subsets of quantum states remains an open 
question. 



1 Preliminary notes 

Let W be a separable Hilbert space and &(%) be the set of quantum states 
- positive operators in "H with unit trace. The von Neumann entropy of a 
state p G 6("H) is denned by the formula H(p) = — Trplogp. The function 
p 1 — y H(p) is nonnegative concave and lower semicontinuous on the set 6("H) 
taking the value +00 on a dense subset of &{%) [7J. In analysis of infinite 
dimensional quantum systems and channels different continuity conditions 
for the von Neumann entropy are used [HI [71 El H] (see the overview in [1] ) . 
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Among all possible subsets of &{%) the closed convex subsets 

K HA ={pee(H)\TrHp<h} 

(defined by a positive operator H in % and h > 0) play a special role. If 
H is a Hamiltonian of a quantum system associated with the space H then 
Ku,h is the set of all quantum states with the mean energy not exceeding h. 

One of the most useful continuity conditions for the von Neumann entropy 
(originally appeared in [7] as far as I know) states that the function p y H(p) 
is continuous on the set JCn,h if Trexp(— XH) < +00 for all A > 0, i.e. if 

g(H) = inf{A > I Trexp(-Atf) < +00} = 0. 

A detailed analysis of a restriction of the von Neumann entropy to the 
set K,H,h is made in [3j Proposition 1], where it is shown, in particular, that 
the condition g(H) = is necessary for continuity of the function p i-> H(p) 
on the set JCn,h and that this function is finite on the set JCn,h if an d only 
if g{H) < +00. It is also shown that any convex closed set of states, on 
which the von Neumann entropy is finite, is contained in the set for 
particular operator H with g(H) < +00 and h > [31 Corollary 5]Jj The 
last observation is quite useful, in particular, it plays a basic role in the proof 
of equivalence of (global) finiteness and continuity of the output entropy of 
a positive map Theorem 1]. So, we have the following collections of 
statements 

H(p) is finite on the set JCn,h 9{H) < +00, 

H(p) is continuous on the set K,h,h & = 0, 

H(p) is finite on a closed convex set A 3H,g(H) < +00 : A C K.h,h- 

Simple examples show that the conditions of closedness and convexity of the 
set A in the last statement is essential (for the implication " =4> "). 

To make the above collections of statements complete it is reasonable to 
conjecture validity of the following statement 

H(p) is continuous on a closed convex set A 3H,g(H) = : A C Kh,h- 
1 Finiteness of the entropy on a convex closed set of states implies its boundedness. 
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Note again that the implication " =>■ " in this statement does not hold if 
either the set A is not closed or is not convex. Indeed, to show necessity of 
the convexity condition one can take the sequence X n \n)(n\ + (1 — A n )|l)(l|, 
where \ n — )■ and {\n)} is a basis in 7i, necessity of the closedness condition 
follows from existence of convex sets A such that the von Neumann entropy 
is continuous on A but is not continuous on its closure cl(^4) (see the example 
in [U Remark 5]). 

2 The classical case 

In this section we will show validity of the above-stated conjecture in the 
classical (commutative) case (in which is replaced by the set ^3 +00 of all 

probability distributions and the Shannon entropy S({xi}) = — J^XjlogXj 
is used instead of the von Neumann entropy). 

For an arbitrary sequence {hi}f^ of nonnegative numbers and h > let 
g({hi}) = inf{A > | ^exp(-A/ii) < +00} and 



be a closed convex subset of ^P+oo- 

Proposition 1. The Shannon entropy is continuous on a closed convex 
set A C ^P+oo if o,nd only if A C JC{hi},h f or a particular sequence {hi} of 
nonnegative numbers such that g({/ij}) = and h > 0. 

Proof. It suffices to prove the "only if " part, since the converse assertion 
follows from the similar assertion for the von Neumann entropy (see the 
previous section). 

Since the function {x^} h-> S({xi}) is finite on the closed convex set A, 
it is bounded on this set and the classical analog of Corollary 5 in [3] shows 
that the set A is compact. By Dini's lemma the condition ||{xj}||i = 1 and 
the continuity of the function {x{\ t— > S({xi}) imply uniform convergence 
of the series Ylii x i an d Ylii x i(~ l°g x i) 011 the set A. Hence there exists a 
sequence {r/i} of positive numbers tending to +00 such that 



Let B be the image of the set A under the map {x^} !->■ {yiXi}. It 
follows from ([T]) that B is a convex bounded subset of the positive cone of 



fc{hi},h = {{Xi} G 



00 



J2i h i X i ^ h ) 




(1) 
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the space l\ and that the extended Shannon entropy (defined by the formula 
S({xi}) = \\{xi}\\iS (^ wlx^ j) * s bounded on the set B. By the classical 
analog of Lemma 2 in [5] there exists a sequence {hi} of nonnegative numbers 
such that g({hi}) < +00 and sup{ x .} € _4 ^ KyiXi < +00. It is easy to see 
that g{{h iVi }) = 0. □ ' ^ 



3 General remarks 

The nontrivial part of the conjecture stated at the end of Section 1 can be 
formulated as follows. 

Conjecture 1. An arbitrary closed convex set A C on which 

the von Neumann entropy is continuous, is contained in the set K,H,h for a 
particular positive operator H with g(H) = and h > 0. 

The following proposition shows validity of this assertion for simple types 
of convex closed subsets of states. 

Proposition 2. The assertion of Conjecture 1 holds for a closed convex 
set A C ©("H) in the following cases: 

(i) the set A consists of commuting states; 

(ii) A is a convex hull of a finite collection of states^ 

(iii) A = ${B), where B is a compact subset of T + (/C) with dim/C < +00 
and $ is a positive linear map from T(/C) into Z(H)E 

Proof, (i) This immediately follows from Proposition [TJ 

(ii) If A = co({pi}™ =1 ) then H(pi\\p) < +00, where p = n^Yn^PiE 
Thus validity of the assertion in Conjecture 1 in this case follows from the 
implication (ii) =^ (i) in [3l Proposition 4] (with A = {/9j}" =1 and a = p). 

(iii) We may assume that the set B contains a full rank operator B . 
Since the function p \-t H(p) is continuous on the closed convex set A 

it is bounded on this set and hence Lemma 2 in [3] implies existence of a 

2 The von Neumann entropy is continuous on the set A — co({pi}™ =1 ) if and only if 
H(pi) < +00 for all i [3l Proposition 9a]. 

3 We denote by 1(H) and by 1 + (H) the Banach space of trace class operators in H and 
the positive cone in this space correspondingly. 

4 £f(-||-) is the relative entropy. 
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positive operator H in H such that g{H) < +00 and TrHp < h for all p G A 
and some h > 0. Finiteness of g(H) shows that H = ^^T^NK^I' where 
{li)}^ 3 is an orthonormal basis in %. Since TtH^(Bq) < h and Bq > Aijc 
for some A > 0, we have 



Trm(I K ) = ^fc i (i|$(/ JC )|i) = Tr 



i=i 



i=l 



< +OO 



and hence the linear operator in the square bracket lies in 23 (/C). Thus the 
function 



+00 



B ^ TrH$(B) =^2ht(i\$(B)\i) = Tr 



i=l 



i=l 



B 



is continuous on the compact set B. By repeating the arguments from the 
proof of Theorem 1 in [5] based on Dini's lemma one can construct a positive 
operator H' in % such that g(H') = and sup pg _4 Trif'p < +00. □ 

Consider equivalent forms of Conjecture 1. 

Let A be a subset of (3("H). By Proposition 5E in [3] the following 
statements are related by the implication (ii) ^> (i): 

(i) the von Neumann entropy is continuous on the set A] 

(ii) there exists an orthonormal basis {\i)} of the space "H such that the 
Shannon entropy is continuous on the set {{(i|p|i)} | p G A}. 

Proposition [TJ shows that Conjecture 1 holds if and only if the above state- 
ments (i) and (ii) are equivalent for any closed convex set A C 

By Proposition 4 in [5] Conjecture 1 is equivalent to the following one. 

Conjecture 2. For an arbitrary closed convex set A C 6(H), on which 
the von Neumann entropy is continuous, there exists a state a in ©(H) such 
that the function p \-t H(p\\a) is continuous and bounded on the set aE 

I would be grateful for any comments concerning the above questions. 



5 It is sufficient to require that the function p 1— > _ff(p||cr) is continuous and bounded on 
any closed subset Ao C A whose convex closure coincides with A. 
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